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ABSTRACT 

In this work, the effect of internal pressure in a functionally graded hollow spherical shell is 

theoretically studied. The material properties through the graded direction are assumed to be 

non-linear with power law distribution. In order to obtain the effect of internal pressure and 

temperature on the design of pressure vessel, Navier and heat conduction equations are solved 

by direct method. The pressure variation and the mechanical stress distribution such as radial 

stress distribution and hoop stress distribution along the radial direction are presented in a 

sequential manner. The radial distribution of temperature has also been depicted in the result 

and discussion section. As a result of which it may be concluded that the material which has 

lower power law index is beneficial in terms of generation of lower thermal stress. The study 

also aims to understand the influence of autofrettage on stress distribution and load bearing 

capacity in thick spherical shells. Analytical equations, based on the Maximum Shear Stress 

theory and Distortion Energy theory, are derived to determine the optimum radius of the elastic-

plastic juncture, known as 𝐶𝑜𝑝𝑡 in autofrettage technology. The results demonstrate that 

autofrettage increases the pressure inside the shell, enhancing its ability to withstand higher 

internal pressures.  
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INTRODUCTION 

Pressure vessels are essential components in various engineering applications, including 

aerospace, chemical, and oil and gas industries. Understanding the behavior of pressure vessels 

under internal pressure and temperature is crucial for their safe and efficient design. 

Autofrettage technology has been introduced in the early 1900s in order to reduce the number 

of accidents due to bursts of pressure vessels. In this technology, high internal pressure has 

been given to the pressure vessel and suddenly released as a result of which residual stress is 

generated following the elasto-plastic theory. The generation of radial stress is directly 

proportional to the radius of the spherical vessel, so the inner layer is subjected to more stress 

which is beyond the yield stress, consequently, plastic deformation is been taken place in this 

layer. On the other hand, the outer zone of the spherical shell is subjected to less stress, which 

is well below the yield stress, as a result of which elastic deformation has occurred at the outer 

zone. After releasing the pressure, the inner plastic zone is not able to regain its original shape 

but the outer elastic zone tried to regain its initial shape which is not possible due to the 

presence of the inner plastic zone. Therefore, inward residual stress is generated and acts on 

the inner layer. That residual stress counterbalances the applied internal pressure consequently, 

so the pressure vessel can withstand more internal pressure without failure. The inward residual 

stresses significantly improve the load-bearing capacity, fatigue resistance, and overall strength 

of the spherical shell, thereby enhancing its performance under operating conditions. In order 

to understand the effect of internal load and temperature on pressure vessels, different 

researchers have performed theoretical and experimental investigations. Among them, 

Anthony P. Parker et al. (2007) have considered the extended numerical procedure to solve the 

analogous problem of a spherical thick-walled steel vessel. A new equivalent analytical 

solution for the case of a spherical vessel has been formulated by them. It has been 

demonstrated numerically by them that a reautofrettage procedure, previously proposed for 

cylindrical vessels, could be extremely beneficial for spherical vessels. The procedure has been 

considered by them, and the tube to be autofrettaged has been divided into several thin tubular 

strips for numerical analysis, where each strip is in the form of a thin tube and is obliged to 

satisfy the requirement of equilibrium and compatibility at its inner and outer interfaces where 

it interacts with adjacent tubes. In this work, the potential benefit from reautofrettage of 

autofrettage tubes has been indicated, and their further purpose is to examine options for the 

reautofrettage of a spherical vessel. It has been found by them that the analytic solution is 
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nonconservative, and the analytic bore hoop stress is approximately 9% more compressive than 

the numerical solution for a compressive material with a varying unloading profile. 

M. Jabbari et al. (2002) have presented a direct method to solve the Navier equation. They have 

considered a thick hollow cylinder of FGM under a one-dimensional steady-state temperature 

distribution with general types of thermal and mechanical boundary conditions. They have 

derived navier equation in terms of displacement and solved analytically by the direct method. 

They have also presented an analytical solution for the calculation of the axisymmetric thermal 

and mechanical stresses in a thick hollow cylinder made of FGM. They have assumed material 

properties through the graded direction to be nonlinear with a power law distribution.  

Jesús Manuel Alegre Calderon et al. (2005) have considered a design of High-pressure vessel 

which can withstand huge cyclic loading and unloading under high pressure. In this article, a 

thick-walled vessel with autofrettage operating at an internal pressure of 500 Mpa, an internal 

diameter of 300 mm, and a length of 4500mm has been designed by them. Finite element 

analysis has been performed by them to determine the residual stresses after autofrettage at an 

internal pressure of 925 Mpa. The material of the vessel has been selected by them, which is 

made of stainless steel 15-5 PH (15Cr – 5Ni) and is hardened by precipitation and has a strong 

Bauschinger effect. In order to perform HPP (High pressure processing), the material at high 

pressure has been considered in a large container, which is capable of pasteurizing large 

quantities of the product. Water has been considered as a medium that will transmit the 

pressure, up to pw =500 MPa in the present container, and it also helps to achieve the life of the 

high-pressure machine to make it economical. More than 100000 working cycles have been 

used by them. It has been observed by them that the material model with a loading curve is 

different from the unloading curve. Due to the consideration of the Bauschinger effect, a 25% 

reduction in residual stresses has been seen. It has been found by them that when the 

autofrettage pressure value is exceeded, residual stresses increase only slightly, whereas the 

plastic strains achieved during the autofrettage loading have been increased exponentially. 

W.S. Shim et al. (2010) have introduced compressive residual stresses in the autofrettage 

process, which acts to offset the tensile residual stress induced by internal pressure. It has been 

noted by them that as the autofrettage level increases, the magnitude of compressive residual 

stresses at the bore also increases. The accurate residual stress of SNCM 8 high-strength steel 

has been predicted by them using the Kendall model, which is adopted by the ASME code, and 

the result has been compared with analytical and finite element analysis. It has been found by 

them that the residual stress incorporating the Bauschinger effect at the bore was smaller than 
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the ideal calculation. Tensile tests have been performed by them on the mechanical properties 

of SNCM 8 high-strength steel, where they obtained elastic modulus, yield strength, ultimate 

strength, elongation, and reduction of area. It has been noticed by them that as the autofrettage 

level increases, a greater autofrettage pressure is needed. Also, as the autofrettage level 

increases, the induced tangential residual stress at the bore and plastic strain increase. They 

have concluded that as the autofrettage level increases, the magnitude of induced tangential 

residual stress at the bore also increases, and the results of analytical and FE analysis are almost 

similar. 

Rahman Seifi et al. (2011) have observed that the bursting pressure decreases considerably to 

30% due to external cracks in the cylinders without autofrettage. The numerical and 

experimental results have been compared, showing that the bursting pressure of the 

autofrettaged cracked cylinder can be acceptably predicted by numerical methods. The 

distributions of residual stresses in thick-walled cylinders due to autofrettage cylinders have 

also been shown. They have seen that the Bauschinger effect changes the distribution of 

residual stress within one quarter of the wall thickness. The optimized autofrettage pressure for 

the largest bursting pressure has been achieved when the cross-section becomes fully plastic 

(100% autofrettage), but the number of autofrettage stages has no effect on the pressure 

capacity. The effect of the re-autofrettage procedure has been investigated by numerical 

method. The 'contact' option of the finite element software (Abaqus) has been used for 

simulating the autofrettage process in the cracked cylinder. It has been concluded that the 

bursting pressure of cracked components can be predicted using fracture toughness. 

Sujoy Saha et al. (2011) have investigated the influence of autofrettage on stress distribution 

and load bearing capacity of a thick spherical shell. It has been observed that to achieve a 

suitable initial stress pattern inside the wall of a spherical shell, autofrettage is an appropriate 

method to obtain the optimum radius of elastic-plastic juncture, 𝐶𝑜𝑝𝑡, where the equivalent 

stress 𝜎𝑒𝑞 is minimum. In this work, the objective was to find an accurate analytical equation 

to determine 𝐶𝑜𝑝𝑡. It has been concluded by the researchers that tension in the inner wall of the 

spherical shell is significantly reduced by autofrettage, and a favorable stress pattern can be 

obtained. It has also been found that an autofrettage treated spherical shell has limitless strength 

if the thickness is increased infinitely. 

Zhong Hu et al. (2012) have numerically investigated the internal pressure overloading 

autofrettage process of a thick-walled cylinder. The optimum autofrettage pressure and the 

maximum reduction percentage of the von Mises stress in the autofrettaged cylinder under the 
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elastic-limit working pressure have been found by them. The differences in stress and strain 

distribution between adopting the Bauschinger-effect and the Non-Bauschinger effect have 

been compared by them. Autofrettage treatment has been used on the cylinder by Daniels 

(1942) and Masu and Graggs (1992) to prevent failure and to increase the pressure carrying 

capacity. The element PLANE183 with the capacity of elastic and plastic material nonlinearity 

and non-linear kinematic hardening (the Bauschinger effect), which is an eight-node plane-

stress 2-D element with higher accuracy quadratic shape function has been adopted by them. 

In this work, more elements have been used near the inner surface and outer surface of the 

cylinder to get reasonable accuracy. Lame's equations have been used by them for calculating 

the hoop stress (𝜎𝜃) and radial stress (𝜎𝑟) along the thickness of the cylinder when the ends of 

the cylinder are open and unconstrained so that the cylinder is in a condition of plane stress. 

The geometric and material condition has been considered by them, and the optimum 

autofrettage pressure has been found to be about 1.5 times the elastic-limit working pressure. 

The maximum reduction percentage of the maximum von Mises stress in the autofrettaged 

thick-walled cylinder under the elastic-limit working pressure has been found to be about 28%. 

Niranjan Kumar (2012) have designed a pressure vessel to withstand high internal pressure for 

the same consumption of material. They have constructed a multilayer pressure vessel by 

shrink-fitting the vessel, which has residual stress within it caused by pre-autofrettage, 

followed by autofrettage of the assembly. Possible ways to assemble a three-layered vessel for 

different autofrettage or reautofrettage percentages and radial interference for shrink-fit have 

been discussed by them. Residual stresses generated at the inner and outer surface of the vessel 

due to autofrettaging or shrink-fitting have been observed to be of compressive and tensile 

nature, respectively. While optimizing the fatigue life, it has been observed that sometimes the 

net resulting hoop stress at the outer or middle layer is subjected to extreme tensile stress, which 

exceeds the design limit. It has been assumed by them that the strain produced on the outer 

surface of the combination is regained to its original dimensions by a surface finishing 

operation. The net effect of autofrettage and re-autofrettage has been calculated by the 

summation of the residual stress distribution along thickness, generated by autofrettage and 

reautofrettage. In this work, stress generated due to autofrettage and reautofrettage has been 

much below the yield point. Genetic algorithm, which is a class of probabilistic optimization 

algorithm based on the steps of natural genetics, has been introduced by them. A genetic 

algorithm has been used by them to maximize the fatigue life for a specific set of assembly 

parameters, which have been obtained as the optimum value of design variables in GA. 
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Pankaj Thakur (2012) have discussed the problem of elastic-plastic and creep of spherical 

shells under internal pressure. Simplifying assumptions have been applied by them, due to 

which problems like infinitesimal deformation and incompressibility of the material have been 

analyzed. Analysis of stresses in a spherical shell subjected to internal pressure has been 

performed by using Seth's transition theory by taking lebesgue measures. The result has been 

discussed numerically and depicted graphically by them. It has been mentioned by them that 

the spherical shell considered is subjected to a uniform temperature. It has been observed by 

them that a spherical shell made of compressible materials, such as copper and brass, and with 

a smaller radii ratio, yields at the internal surface, requiring a lesser value of pressure. It has 

been noted by them that circumferential stress is maximum at the external surface for 

compressible materials. Therefore, with increased compressibility, circumferential stresses 

decrease much. 

M. Sedighi et al. (2013) have analyzed the effects of wire-winding on an autofrettaged thick-

walled vessel. Results for the wire-wound autofrettage vessel have been obtained by them, by 

validating the finite element method. It has been seen by them that the residual hoop stresses 

in a wire-wound autofrettaged vessel have a more desirable distribution in the cylinder. In the 

autofrettage process, the internal surface of a thick-walled vessel is pressurized so that the inner 

part of its wall deforms plastically, and when the internal pressure is released, residual 

compressive stresses at the inner part of the cylinder are obtained. It has been seen by them that 

residual stress will increase the internal pressure capacity and improve the fatigue lifetime. It 

has been noted by them that autofrettage is a more convenient process but produces tensile 

stress in the outer part of the cylinder wall. Also, it has been seen by them that the maximum 

available compressive hoop stress is limited in the process, while in the wire-winding 

technique, there is no residual stress limitation. It has been observed by them that wire-winding 

is a safe technique that prevents rapid failure and introduces compressive residual stress in the 

whole cylinder wall. It has been concluded by them that the combination of these two 

techniques could have better benefits in comparison to the solo application of them. The direct 

method has been performed by them where results of residual hoop stress for the wire-wound 

autofrettaged vessel have been compared to residual hoop stresses before the wire-winding 

process. It has been noted by them that by increasing the number of wire layers or winding 

stress, it is possible to obtain a wire-wound autofrettaged vessel with only compressive hoop 

stress in the whole cylinder. 
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D. Dinesh Babu et al. (2013) have applied numerical simulation for the autofrettage process to 

a cylinder of known dimensions with the objective to provide a better understanding of the 

stresses that are developed at high pressure. Reduction in stress levels between autofrettaged 

and non-autofrettaged cylinders has been compared by them. It has been observed by them that 

at an autofrettage pressure of 200 MPa and an operating pressure of 180 MPa, a reduction of 

15.7% in the maximum stress level has been achieved. It has been shown by them that the 

analysis of autofrettage is useful for improving the fatigue life of the cylinder by reducing the 

Von Mises stresses. They have run theoretical and FEA simulations to give a better 

understanding of the advantages of determining the residual stresses and their effect on the 

stress distribution. The Von Mises and Tresca Yield criteria have been used by them to 

calculate the theoretical maximum and minimum pressure that needs to be applied during the 

autofrettage process and compared with FEM results. During the study of stress distribution, it 

has been assumed by them that the thick-walled cylinder has withstood a uniform internal 

pressure, while the surrounding pressure has been considered a constant value. The 

corresponding equations for optimum autofrettage pressure have been used by them to 

determine the minimum and maximum autofrettage pressures. They have also demonstrated 

that, when loads were modelled in ANSYS(FEA), residual stresses were carried forward to all 

load phases. 

Gennadiy Lvov et al. (2014) have used the Continuum damage mechanics approach for the 

analysis of the autofrettage process. Numerical results for the plane-strain case have been 

obtained by them using the finite-element method. The process of residual stress generation in 

a thick-walled cylinder has been investigated by them, considering temperature strain. The 

Prandtl-Reuss model has been used by them for plastic yielding of isentropic material. 

Theoretical and experimental results have been compared by them, showing a significant 

difference in residual stresses on the inner bore. The autofrettage thick-walled pipe has been 

suggested to be used as a part of the whole construction by them. Numerical solutions have 

been obtained by them using the finite element method, with the material model taking 

kinematical hardening and the ideal Bauschinger effect into account. Analytical and finite-

element analysis have been used by them to find that the residual stress incorporating the 

Bauschinger effect at the inner bore is smaller than for isentropic hardening. The Ansys finite 

element software has been used by them to perform the numerical study. A plane model of the 

cylinder in Ansys with two-dimensional PLANE42 elements has been constructed by them. It 

has been concluded by them that the finite element method of the autofrettage thick-walled 
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tube calculates the influence of damage. A numerical procedure has been used by them to 

compare the residual hoop stress value with and without the material damage influence. 

S. P. Pawar et al. (2015) have shown the study of distribution of thermal stresses for different 

values of the powers of the module of elasticity and varying power law index of heat 

generation. Material properties and heat generation have been assumed, with a function of the 

sphere and Poisson's ratio being constant. An attempt has been made to study the quasi-static 

thermal stresses based on uncoupled thermoelasticity for an FGM hollow thick sphere with 

non-uniform internal heat generation, which is a function of the radial position. The variation 

in the thermal stresses in the presence of a variable heat source, which varies from the inner to 

the outer surface, has been observed. It has also been observed that in the presence of the source 

in the present form, the temperature increases as the power law index decreases. They have 

illustrated results numerically and graphically. 

Ruilin Zhu et al. (2017) have investigated the characteristics of stresses in cylinders subjected 

to internal pressure according to the maximum distortion strain energy theory and obtained a 

set of simplified equations for residual stresses and total stresses. The safe optimum load-

bearing conditions for autofrettaged cylinders have been identified by them. They intended to 

investigate the varying tendency and distribution laws of stresses in autofrettaged cylinders in 

order to provide the theoretical basis for the design of high-pressure apparatus. 

Marina Rynkovskaya et al. (2019) have considered three main end conditions plane strain, 

closed-end and open-end conditions. An elastic, perfectly plastic material model has been 

considered by them in the plane strain condition, which has been extended for closed-end tubes. 

A theory has also been proposed by them for the free end condition, where the Tresca yield 

criterion has been used, and the solution has been found by a finite difference method. They 

took into account an open-ended cylinder and assumed that the generalized Hooke's law 

connects the elastic stress and strain. They have suggested that a numerical technique is 

necessary to solve a linear differential equation. They have put out a theoretical solution for 

the distribution of residual stresses and strains in an open-ended, thick-walled cylinder that has 

been subjected to internal pressure and then unloaded. A common type of anisotropy, polar 

ortotrophy of elastic and plastic properties, has been concentrated on by them. The elastic 

response of the cylinder has been controlled by the generalized Hooke's law and the plastic 

response by the Tsai-Hill yield criterion and its associated flow rule. They have said that the 

solution can be directly applied to the study and design of the autofrettage process. 
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Ritu. J. Singh et al. (2019) have observed that anisotropy in the material properties may result 

due to manufacturing processes like extrusion or pilgering. They have mentioned that a thick 

cylinder made from Zr 2.5% Nb has been loaded till the elasto-plastic interface is achieved and 

then unloaded to study the effect of anisotropy on the development of residual stresses. Two 

material models have been considered in the analysis, i.e., isotropic and anisotropic plastic 

behavior. The effect of anisotropy on the residual stress has been investigated by them. Finite 

elements have been extensively used to verify the analytical solutions and to propose 

modifications to analytical solutions. It has been seen by them that the effect of anisotropy on 

the residual stress in the roll expanded joint may be an important parameter and needs to be 

investigated. The commercial FE software ABAQUS has been used by them for modeling the 

autofrettaged thick cylinder considering 1/4th symmetry. During the autofrettage, it has been 

observed by them that the residual stress obtained for the two-material model was substantially 

different. It has been noted by them that for anisotropic material properties as per the hills yield 

criterion, yielding initiates at a higher pressure compared to the isotropic material model. For 

a given expansion pressure, this results in less plastification of the cylinder than in the isotropic 

case, which lowers residual stresses. 

Guiqin Li et al. (2021) have carried out a stress analysis, where the UHP vessel has been 

operated under high pressure and stress. The reinforced UHP vessel has been divided into 

elastic and plastic parts for their analysis, and the best autofrettaged pressure has been obtained 

under certain working pressure. The Shigley approximation method has been used by them for 

fatigue life prediction. In this work, the fatigue life of the autofrettaged UHP vessel has been 

accurately predicted. Ordinary containers and autofrettaged containers have been compared by 

them, and it has been concluded that the fatigue life of autofrettaged containers can be 

significantly improved. 

S.C. Mondal et al. (2017) have noted that the elastic-plastic stress distribution subjected to 

thermal load has been evaluated. Residual stress prediction has been used on uniaxial loading-

unloading stress of an elastic perfectly plastic material model. The feasibility of centrifugal and 

centripetal autofrettage has been discussed and compared. The behavior of thick-walled 

spherical and cylindrical vessels under thermal and mechanical stresses has been considered. 

An exact solution has been obtained for the stress distribution in a thick-walled sphere made 

of elastic-perfectly plastic material under a steady state and radial temperature gradient. The 

approximate solution with negligible elastic strain has also been examined. The onset of yield 

in thick-walled spherical vessels for various combinations of temperature, pressure, and various 
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radius ratios has also been studied. Finite element analysis with ANSYS has been performed 

on a spherical vessel for thermal autofrettage and compared with mechanical autofrettage. A 

finite element 2-D model of an autofrettaged sphere has been constructed. Centripetal thermal 

residual stress has been obtained from the analytical elastic perfectly plastic model and 

compared with the results of the 2D FE model in ANSYS. It has been observed that autofrettage 

stresses show excellent agreement. It has also been observed that there is a negligible difference 

between the stresses obtained by analytical expressions and the FE model. 

Mengjun ZHAO et al. (2005) have introduced an internal autofrettaged cylinder with interlayer 

pressure (ACCIP), to improve the bearing pressure capacity of ultrahigh-pressure apparatus. 

Its derivation and the analytical model for the ACCIP structure have been presented by them. 

In this work, it has been shown that the ACCIP method has enhanced the bearing pressure of 

the apparatus. It has been suggested by them that ACCIP be set up and the analytical model be 

presented to increase the elastic-limit capacity and obtain the optimum radial dimension of the 

ultra-high pressure apparatus. It has been noted by them that the limit workload has been close 

to 1.5 times the yield strength 𝜎𝑦 by using the ACCIP method. It has been concluded by them 

that the calculation of the stresses has been based on the ideal conditions and the calculated 

results have revealed that the plastic limit workload Ρw can be as high as 1.5 times the yielding 

strength 𝜎𝑦, which is much larger than those of the shrink-fit vessel and the autofrettaged 

cylinder. It has been studied and indicated by them that there has been an optimum interlayer 

pressure when the total radius ratio is used as the minimum. It has been concluded by them that 

the ACCIP method can both increase the elastic-limit workload of ultrahigh-pressure apparatus 

and optimize its structure. 

The impact of internal pressure in a hollow spherical shell with functional gradations is 

theoretically examined in this research. It is presumptuous that the material properties in the 

graded direction follow a power law distribution. The Navier and heat conduction equations 

are directly solved in order to determine the impact of internal pressure and temperature on the 

design of pressure vessels. The pressure variation and mechanical stress distribution, such as 

radial stress distribution and hoop stress distribution along the radial direction, are provided in 

sequential order. In the result and discussion section, the radial distribution of temperature has 

also been shown. The study also aims to understand the influence of autofrettage on stress 

distribution and load bearing capacity in thick spherical shells. Analytical equations, derived 

from the Maximum Shear Stress theory and Distortion Energy theory, determine the optimal 

radius of the elastic-plastic juncture 𝐶𝑜𝑝𝑡, in autofrettage. Results reveal that autofrettage 



 

10 
 

increases internal pressure, enhancing the shell's capability to withstand higher pressures. 

Additionally, it has been established that temperatures rise as the power law index value rises. 

Therefore, it is possible to draw the conclusion that a material with a lower power law index 

benefits from the formation of lower thermal stress. 
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2. MATHEMATICAL FORMULATION 

Consider a spherical shell with an inner and outer radius of a and b, respectively, that is under 

a constant internal pressure of p, as shown in Figure 2.1. 

  

Figure 1: Spherical Shell Under Internal Pressure 

 

2.1 Study of influence of autofrettage on a spherical shell: 

The equivalent stress, as derived from the distortion energy theory, is as follows: 

𝜎𝑒𝑞
𝑖𝑣 =  [

1

2
{(𝜎𝜃 − 𝜎∅)2 + (𝜎∅ − 𝜎𝑟)2 + (𝜎𝑟 − 𝜎𝜃)2}]1/2 …………………….…………...….  (1) 

Where,  

𝜎∅, 𝜎𝑟 , 𝜎𝜃   are represented as Radial, hoop, and axial stress, respectively. 

Superscript “iv” represents quantity based on the Von Mises strength theory. 

𝜎𝑒𝑞 represents equivalent stress at r = c. 

Because of the symmetry of the spherical shell 𝜎𝜃 =  𝜎∅  so, substituting 𝜎𝜃 =  𝜎∅  into the 

equation (1), we obtain  

𝜎𝑒𝑞 =  𝜎𝜃 − 𝜎𝑟  = 𝜎∅ −  𝜎𝑟  ………..………………………………………………………… (2) 

From this relation and the Distortion Energy Theory, we obtain the intended result. 

2.1.1 Determination of the optimum radius of the elastic-plastic junction, 𝑐𝑜𝑝𝑡: 

The stress equation of equilibrium can be derived easily. Consider a spherical element of 

thickness  ∆r at a distance of r, subtending a small angle 2𝜃 at the centre.  Because of spherical 
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symmetry 𝜎𝜃 = 𝜎∅, for equilibrium in the radial direction, the equilibrium equation ignores the 

body forces. 

𝑑𝜎𝑟

𝑑𝑟
=  

2(𝜎∅− 𝜎𝜃)

𝑟
  ……………………………………………………………………….……. (3) 

Again, the maximum Distortion energy theory for the spherical shell from equation (2) 

becomes 

𝜎𝑦 =  𝜎𝜃 − 𝜎𝑟 =  𝜎∅ −  𝜎𝑟    …………………………………………………………..…...... (4) 

Where, 

𝜎𝑦 represents Yield strength 

Combining equations (3) and (4) and after integrating we have, 

𝜎𝑟 = 2𝜎𝑦  ln 𝑟 + 𝑐1 …………………………………………………….…………………... (5) 

The stress in the elastic spherical shell for the internal pressure 𝑝 is 

𝜎𝑟
𝑒  = 

𝑝

𝑘3−1
(

𝑏3

𝑟3 − 1) …………………………………………………………….……...…… (6) 

𝜎𝜃
𝑒 =  𝜎∅

𝑒 = 
𝑝

𝑘3−1
(

𝑏3

2𝑟3 + 1)  ……………………………………………………..............….. (7) 

Where, 

K = 
𝑏

𝑎
 , the ratio of inside to outside radius  

A spherical shell's inside radius, elastic-plastic junction radius, and outer radius are 

represented by a, c, and b. 

Putting the value of 𝜎𝑟
𝑒; as from equation (6), at the elastic-plastic juncture, the plastic stress 

and elastic stress are equal, and also applying the boundary condition, the plastic stress in the 

region as a ≤ r ≤ c are 

𝜎𝑟
𝑝 =  − 

2𝜎𝑦

3
 (1 −

𝑐3

𝑏3 + ln
𝑐3

𝑟3) ……………………………………………………………... (8) 

And from equation (4) 

𝜎𝜃
𝑝 =  𝜎∅

𝑝 =  
2𝜎𝑦

3
 (

1

2
+

𝑐3

𝑏3 + ln
𝑐3

𝑟3)  …………………………………………………..…..… (9) 

The initial pressure 𝑝′ must be utilised to create plastic flow in the wall up to the depth 

corresponding to the radius r = c and elastic flow from r = c to the outside surface r = b. Now 

that we have the value r = a, we can determine the initial pressure's magnitude. 
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𝑝′ = −𝜎𝑟
𝑝 =  

2𝜎𝑦

3
 (1 −

𝑐3

𝑏3
+ ln

𝑐3

𝑟3
) ……………………………………………………..….. (10) 

Now after the partial yielding of the shell wall, the inner pressure 𝑝′ is removed, and some 

residual stress will remain in the wall of the spherical shell. The inner wall section where the 

plastic deformation took place does not return back to its original dimension. The elastic 

movement from the shell's outer to inner surfaces occurs when internal pressure is released 

(𝑝′). Therefore, after removing the internal pressure 𝑝′, the elastic equations are used to 

calculate the stress during elastic flow from the outer surface to the inner surface. So, the elastic 

stresses after the removal of the internal pressure in the region 𝑎 ≤  𝑟 ≤  𝑏 is 

𝜎𝑟
𝑒  = 

2𝜎𝑦

3(𝑘3−1)
(

𝑏3

𝑟3 − 1) [1 −
𝑐3

𝑏3 + ln
𝑐3

𝑎3]  ………………………………………………..…. (11) 

𝜎𝜃
𝑒 =  𝜎∅

𝑒 = 
2𝜎𝑦

3(𝑘3−1)
(

𝑏3

2𝑟3
+ 1) [1 −

𝑐3

𝑏3
+ ln

𝑐3

𝑎3
] …………………………………………… (12) 

So, the residual stresses persist after removing the internal pressure in the region 𝑎 ≤  𝑟 ≤  𝑐, 

𝜎𝑟
′ =  

2𝜎𝑦

3(𝑘3−1)
(

𝑏3

𝑟3 − 1) [1 −
𝑐3

𝑏3 + ln
𝑐3

𝑎3] −  
2𝜎𝑦

3
[1 −

𝑐3

𝑏3 + ln
𝑐3

𝑟3] ………………….…….… (13) 

𝜎𝜃
′ =  𝜎∅

′ =
2𝜎𝑦

3(𝑘3−1)
(

𝑏3

2𝑟3 + 1) [1 −
𝑐3

𝑏3 + ln
𝑐3

𝑎3] +  [
1

2
+

𝑐3

𝑏3 + ln
𝑐3

𝑟3] ……………………….. (14) 

Now the residual stresses at the shell surface r = c, which separate the elastic and plastic zone 

from the equation (13) and (14) 

[𝜎𝑟
′]r=c = 

2𝜎𝑦

3
 (1 −

𝑐3

𝑏3) [
𝑏3

𝑟3 (1 −
𝑐3

𝑏3 + ln
𝑐3

𝑎3)
1

𝑘3−1
− 1] …………………………………...... (15) 

[𝜎𝜃
′ ]r=c  = [𝜎∅

′ ]r=c = 
2𝜎𝑦

3
(

1

2
+

𝑐3

𝑏3) [
𝑏3

𝑐3 (1 −
𝑐3

𝑏3 + ln
𝑐3

𝑎3)
1

𝑘3−1
+ 1] ……………………………. (16) 

We can determine the total stresses in an autofrettage-treated spherical shell at r = c by adding 

the corresponding stresses in equations (6), (7), and (15), (16) respectively. 

𝜎𝑟
𝑇 =  [𝜎𝑟

′]r=c + 𝜎𝑟
𝑝

…………………………………………………………….……..……. (17) 

𝜎𝜃
𝑇 =  𝜎∅

𝑇 = [𝜎𝜃
′ ]r=c + 𝜎𝑃

𝜃 = [𝜎∅
′ ]r=c + 𝜎∅

𝑝
 ……………………………………………..……. (18) 

Where, 

The superscripts P and T refer to total stress and pressure-related stress, respectively. 
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Substituting equations (17) and (18) into equation (2), at r = c, we find the equivalent stress. 

𝜎𝑒𝑞
𝑖𝑣 =  𝜎𝑦 +  

𝜎𝑦

𝑘3−1
[

5

3
− 

4𝑐3

3𝑏3 + 
4

3
ln

𝑐3

𝑎3 −
𝑏3

3𝑐3 −
𝑏3

3𝑐3 ln
𝑐3

𝑎3] +  
𝑝

𝑘3−1
(

3𝑏3

2𝑐3) …………………… (19) 

Letting, 

𝑑𝜎𝑒𝑞
𝑖𝑣

𝑑𝑐
 = 0 

(
𝑐

𝑏
)

6

− (
𝑐

𝑏
)

3

−
3

4
ln

𝑐

𝑎
+

9

8
(

𝑝

𝜎𝑦
) = 0 

As c/b is very small so, neglecting the higher order terms we obtain: 

𝑐𝑜𝑝𝑡 = 𝑎𝑒𝑥𝑝 (
3𝑝

2𝜎𝑦
) ………………………………………………………………..….….. (20) 

Where, 

Subscript “opt” represents the optimum quantity 

At c = 𝑐𝑜𝑝𝑡, 

𝑑𝜎𝑒𝑞
𝑖𝑣

𝑑𝑐
  > 0 

That means the 𝜎𝑒𝑞
𝑖𝑣  at 𝑐 =  𝑐𝑜𝑝𝑡 is minimal, the optimum radius of the elastic-plastic junction 

consequently becomes 𝑐𝑜𝑝𝑡. 

By equation (20): Direct representation of P and 𝜎𝑦 effect on 𝑐𝑜𝑝𝑡 is possible. For example, in 

order to enhance the spherical shell's load bearing ability, 𝑐𝑜𝑝𝑡 should be higher if P is high (the 

thickness of the shell's wall will be high); while 𝜎𝑦, is large, 𝑐𝑜𝑝𝑡 may be small, this is because 

of the material's great 𝜎𝑦 and high load-bearing capacity. 𝑃𝑦 entire yield internal pressure of 

the spherical shell can be obtained directly from equation (20). It needs only to let. 

𝑝𝑦
𝑖𝑣 =  

2

3
𝜎𝑦 ln 𝑘 …………………………………………..………………….……….....… (21) 

Thus, it is observed that by using equation (20), we can obtain 𝑐𝑜𝑝𝑡 more accurately, this is the 

most reasonable as well as simple and applicable method.  

2.1.2 Influence of autofrettage on a spherical shell: 

From equation (8), We know that autofrettage can't increase 𝜎𝑦 of a spherical shell from 

equation (8). But it can make a spherical shell's elastic strength better. The maximum allowed 
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pressure for a spherical shell treated with autofrettage is given by equation (21), whereas the 

maximum permitted pressure for a shell without autofrettage treatment is given by 

𝑝𝑒
𝑖𝑣 = 

2𝜎𝑦

3

𝑘3−1

𝑘3   …………………………………………………………………..…….... (22) 

𝑝𝑒
𝑖𝑣 = 

2𝜎𝑦

3
 (k – 𝛼) ………………………………………………………….…….…....…. (23) 

Where, 

𝑃𝑒 represents the maximum internal pressure of the spherical shell that can contain elasticity. 

From equation (21) and (22), we get 

𝜆 =  
𝑘3 ln 𝑘

𝑘3−1
=  

𝑝𝑦
𝑖𝑣

𝑝𝑒
𝑖𝑣 ………………………………………………….…………………….. (24) 

2.1.3 Determination of optimum autofrettage pressure of a thick spherical shell: 

The optimal autofrettage pressure, 𝑝𝑎𝑜𝑝𝑡, is the internal pressure that must be supplied before 

a spherical shell is used for production. 𝑐𝑜𝑝𝑡 is obtained by the surface of it yielding. We obtain 

autofrettage pressure using the Von Mises strength theory. 

𝑝𝑎
𝑖𝑣 =  

2𝜎𝑦

3
(1 −

𝑐3

𝑏3 + ln
𝑐3

𝑟3)    ……………………………………………..………...…… (25) 

Where,  

𝑃𝑎 represents autofrettage pressure 

Substituting equation (20) into the equation (25), we obtain: 

𝑝𝑎𝑜𝑝𝑡
𝑖𝑣 =  

2𝜎𝑦

3
[1 −

1

𝑘3 𝑒𝑥𝑝 (
9𝑝

2𝜎𝑦
)] + 3p ………………………………………………...… (26) 

From equation (9), we obtain 1/𝑘3 = 1-3p/2𝜎𝑦, therefore 

𝑝𝑎𝑜𝑝𝑡
𝑖𝑣 =  

2𝜎𝑦

3
[1 − (1 −

3𝑝

2𝜎𝑦
) 𝑒𝑥𝑝 (

9𝑝

2𝜎𝑦
)] + 3p ……………………..………………….… (27) 

Figure 3.3 depicts the relationship between 𝑝𝑎𝑜𝑝𝑡 and p. From this, we are able to determine 

that 𝑝𝑎𝑜𝑝𝑡 must be a little larger than p in order for the wall of a spherical shell to yield. 
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2.2 Stress calculation considering thermal effect 

Consider the shell is subjected to purely radial temperature variation, i.e. T is a function of 'r' 

alone. Because of symmetry, shear stresses are all zero and the normal stresses are such that 

𝜎∅ =  𝜎𝜃. Equation (1) from above can be also written as, 

Considering the equilibrium in the radial direction,  

𝑑(𝑟2𝜎𝑟)

𝑑𝑟
 – 2r𝜎∅ = 0 …………………………………………………………………...…..... (28) 

The stress-strain relations are, 

𝜀𝑟 =  
1

𝐸
 (𝜎𝑟 − 2μ𝜎∅ ) + αT   …………………………………………………….…….….  (29) 

𝜀∅ =  
1

𝐸
 (𝜎∅ (1-μ) - μ𝜎𝑟) + 𝛼T …………………………………………...…………...…...  (30) 

Now, Consider equation (29) 

𝜀𝑟 =  
1

𝐸
 (𝜎𝑟 − 2μ𝜎∅) + αT                      

𝜀𝑟 = 
σr

𝐸
 + 

2μ𝜎∅ 

𝐸
 + 

αT

𝐸
   

 𝜀𝑟 = 
σr − 2μ𝜎∅  + αT 

𝐸
                                          

𝐸𝜀𝑟 = σr −  2μ𝜎∅ + αT       

αTE +  𝜎𝑟 −  𝐸𝜀𝑟 = 2μ𝜎∅      

𝜎∅  = 
αTE + 𝜎𝑟 − 𝐸𝜀𝑟

2μ
  ………………. (29.1)  

Using equation (29.1) in equation (30) 

𝜀∅ = 
1

𝐸
 
({αET + 𝜎𝑟 −  E𝜀𝑟}

2μ
 - (1 − 𝜇) −  𝜇𝜎𝑟 + 𝛼𝑇 

𝜀∅= 
1

𝐸
 
({αET + 𝜎𝑟 −  E𝜀𝑟}

2μ
 – 𝜇 

({αET + 𝜎𝑟−  E𝜀𝑟}

2μ
 - 𝜇𝜎𝑟  + 𝛼𝑇 

𝜀∅ = 
1

𝐸
 
({αET + 𝜎𝑟 −  E𝜀𝑟}

2μ
 – 

({αETμ + μ𝜎𝑟 − μE𝜀𝑟}

2μ
 - 𝜇𝜎𝑟  + 𝛼𝑇 

𝜀∅ =  
1

𝐸
 
(𝛼𝐸𝑇+ 𝜎𝑟−𝐸𝜀𝑟− 𝛼𝐸𝑇𝜇 + 𝜇𝜎𝑟−𝐸𝜇𝜀𝑟−2𝜇2𝜎𝑟)

2𝜇
 + 𝛼𝑇 

𝜀∅=  
𝛼𝐸𝑇+ 𝜎𝑟−𝐸𝜀𝑟− 𝛼𝐸𝑇𝜇+ 𝜇𝜎𝑟−𝐸𝜇𝜀𝑟−2𝜇2𝜎𝑟+2𝐸𝜇𝛼𝑇

2𝐸𝜇
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𝜀∅ = 
𝛼𝐸𝑇+ 𝛼𝐸𝑇𝜇+ 2𝐸𝜇𝛼𝑇−𝐸𝜀𝑟 + 𝐸𝜇𝜀𝑟 + 𝜎𝑟− 𝜇𝜎𝑟−2𝜇2𝜎𝑟

2𝐸𝜇
 

𝜀∅ = 
𝛼𝐸𝑇+ 𝛼𝐸𝑇𝜇 −𝐸𝜀𝑟+ 𝐸𝜇𝜀𝑟 + 𝜎𝑟− 𝜇𝜎𝑟−2𝜇2𝜎𝑟

2𝐸𝜇
 

𝜀∅ = 
𝐸(𝛼𝑇− 𝛼𝑇𝜇− 𝜀𝑟+ 𝜇𝜀𝑟) + 𝜎𝑟 (1− 𝜇−2𝜇2)

2𝐸𝜇
 

𝜀∅ = 
𝐸(𝛼𝑇− 𝛼𝑇𝜇− 𝜀𝑟 + 𝜇𝜀𝑟)

2𝐸𝜇
 + 

𝜎𝑟 (1− 𝜇−2𝜇2)

2𝐸𝜇
 

𝜀∅= 
𝛼𝑇 ((1+𝜇) −𝜀𝑟 (1− 𝜇))

2𝜇
 = 

𝜎𝑟(1−𝜇−2𝜇2)

2𝐸𝜇
 

   = 
𝜎𝑟 (1− 𝜇−2𝜇2)

2𝐸𝜇
   =  

2𝜇𝜀∅ − (𝛼𝑇(1+ 𝜇) + 𝜀𝑟 (1− 𝜇))

2𝜇
 

   = 
𝜎𝑟 (1− 𝜇−2𝜇2)

2𝐸
   =  

2𝜇𝜀∅− (𝛼𝑇(1+ 𝜇) − 𝜀𝑟 (1− 𝜇))

2
 

𝜎𝑟 =  
𝐸(2𝜇𝜀∅− 𝛼𝑇(1+𝜇)+ 𝜀𝑟(1− 𝜇))

1− 𝜇−2𝜇2  

𝜎𝑟 = 
𝐸

1− 𝜇− 2𝜇2 ((1 − 𝜇)𝜀𝑟 + 2𝜇𝜀∅ − (1 +  𝜇)𝛼𝑇)  

𝜎𝑟 = 
𝐸

(1− 2𝜇) (1+ 𝜇)
 [(1 − 𝜇)𝜀𝑟 + 2𝜇𝜀∅ − (1 +  𝜇)𝛼𝑇] ………………………………….… (31) 

Now, putting the value of 𝜎𝑟 from equation (31) into equation (29), we get 

𝜀𝑟 = 
1

𝐸
 

𝐸

(1−2𝜇) (1+ 𝜇)
 [(1 − 𝜇)𝜀𝑟 + 2𝜇𝜀∅ − (1 + 𝜇)𝛼𝑇] − 2𝜇𝜎∅  + 𝛼𝑇 

𝜀𝑟 = 
(1−𝜇)𝜀𝑟+2𝜇𝜀∅−(1+𝜇)𝛼𝑇

(1−2𝜇)−(1+𝜇)
 - 

2𝜇𝜎∅ 

𝐸
 + 𝛼𝑇 

𝜀𝑟 = 
𝐸 [(1− 𝜇)𝜀𝑟+2𝜇𝜀∅−(1+𝜇)𝛼𝑇]−2𝜇𝜎∅ [(1−2𝜇)(1+𝜇)]+ 𝛼𝑇𝐸(1−2𝜇)(1+𝜇)

𝐸(1−2𝜇)−(1+𝜇)
 

𝐸(1 − 2𝜇) − (1 + 𝜇)𝜀𝑟

= 𝐸[(1 − 𝜇)𝜀𝑟 + 2𝜇𝜀∅ − (1 + 𝜇)𝛼𝑇] − 2𝜇𝜎∅ [(1 − 2𝜇)(1 + 𝜇)]

+ 𝛼𝑇𝐸(1 − 2𝜇)(1 + 𝜇) 

2𝜇𝜎∅ [(1 − 2𝜇)(1 + 𝜇)] = 𝐸[(1 − 𝜇)𝜀𝑟 + 2𝜇𝜀∅ − (1 + 𝜇)𝛼𝑇] − [𝐸(1 − 2𝜇) − (1 + 𝜇)𝜀𝑟] 

                                                                                                              +𝛼𝑇𝐸(1 − 2𝜇)(1 + 𝜇) 
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2𝜇𝜎∅ [(1 − 2𝜇)(1 + 𝜇)] = 𝐸[(1 − 𝜇)𝜀𝑟 + 2𝜇𝜀∅ − (1 + 𝜇)𝛼𝑇] −

                                                                                    [(1 − 2𝜇) − (1 + 𝜇)𝜀𝑟]+ 𝛼𝑇(1 − 2𝜇)(1 + 𝜇) 

𝜎∅  =
𝐸

2𝜇[(1−2𝜇)(1+𝜇)]
 [(𝜀𝑟 − 𝜇𝜀𝑟 + 2𝜇𝜀∅ − 𝛼𝑇 − 𝜇𝛼𝑇 − [𝜀𝑟 − 𝜇𝜀𝑟 +

                                                                                                          2𝜇2𝜀𝑟] + (𝛼𝑇 − 𝜇𝛼𝑇 − 2𝜇2𝛼𝑇)] 

𝜎∅  =
𝐸

2𝜇[(1−2𝜇)(1+𝜇)]
 [(𝜀𝑟 − 𝜇𝜀𝑟 + 2𝜇𝜀∅ − 𝛼𝑇 − 𝜇𝛼𝑇 − 𝜀𝑟 + 𝜇𝜀𝑟 + 2𝜇2𝜀𝑟 +

                                                                                                                             𝛼𝑇 − 𝜇𝛼𝑇 − 2𝜇2𝛼𝑇)] 

𝜎∅ = 
𝐸

(1−2𝜇)(1+𝜇)
 (

2𝜇𝜀∅−2𝜇𝛼𝑇+2𝜇2𝜀𝑟−2𝜇2𝛼𝑇

2𝜇
)  

𝜎∅  = 
𝐸

(1−2𝜇)(1+𝜇)
 (

2𝜇(𝜀∅−𝛼𝑇+𝜇𝜀𝑟−𝛼𝜇𝑇

2𝜇
)  

𝜎∅  = 
𝐸

(1−2𝜇)(1+𝜇)
  [𝜀∅  −  𝛼𝑇(1 + 𝜇) + 𝜇𝜀𝑟] …………………………………………….... (32) 

From strain displacement relations, we have 

𝜀𝑟 =
𝑑𝑢𝑟

𝑑𝑟
 ;   𝜀∅ = 𝜀𝜃 =

𝑈𝑟

𝑟
……………………………………………………………….…. (33) 

Now, Putting the value of 𝜀𝑟 & 𝜀∅ in equation (31) 

𝜎𝑟 = 
𝐸

(1−2𝜇)(1+𝜇)
 [(1 − 𝜇)

𝑑𝑢𝑟

𝑑𝑟
 +  2𝜇 

𝑈𝑟

𝑟
 – (1 + 𝜇)𝛼𝑇] …………………….……...…….. (34) 

Also, 

𝜎∅ = 
𝐸

(1−2𝜇)(1+𝜇)
 [𝜇𝜀𝑟 +  𝜀∅ − (1 + 𝜇)𝛼𝑇] 

Putting value of 𝜀∅ & 𝜀𝑟 in equation (32) 

𝜎∅ = 
𝐸

(1−2𝜇)(1+𝜇)
 [𝜇 

𝑑𝑢𝑟

𝑑𝑟
 + 

𝑈𝑟

𝑟
 −  (1 + 𝜇)𝛼𝑇] …………………………………..………. (35) 

Now, λ & G are lame's coefficient related to the modulus of elasticity E and Poisson's ratio 𝜇 

as, 

λ = 
𝜇𝐸

(1+𝜇)(1−2𝜇)
 ; G = 

𝐸

2(1+𝜇)
 ……………………………………………………….……... (36) 

Now, equation (34) & (35) reduces to, 

𝜎𝑟 = (λ + 2G)𝜀𝑟 + 2λ𝜀∅ - (3λ + 2G)𝛼𝑇…………………………………………………. (37) 
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Equation (34) reduces to, 

𝜎𝑟 = 
𝐸

(1−2𝜇)(1+𝜇)
 ((1 − 𝜇)

𝑑𝑢𝑟

𝑑𝑟
 +  2𝜇 

𝑈𝑟

𝑟
 – (1 + 𝜇)𝛼𝑇)  

1st term, 

λ + 2G = 
𝜇𝐸

(1+𝜇)(1−2𝜇)
 + 

𝐸

2(1+𝜇)
 

                
𝜇𝐸+(1−2𝜇)𝐸

(1+𝜇)(1−2𝜇)
 = 

𝜇𝐸+𝐸−2𝜇𝐸

(1+𝜇)(1−2𝜇)
 

                
𝐸−𝜇𝐸

(1+𝜇)(1−2𝜇)
 = 

𝐸(1−𝜇)

(1+𝜇)(1−2𝜇)
 

2nd term, 

2λ𝜀∅= 2𝜇𝜀∅ ×  
𝐸

(1−2𝜇)(1+𝜇)
 

               
2𝜇𝐸

(1−2𝜇)(1+𝜇)
 𝜀∅ = 2λ𝜀∅ 

3rd term,  

3λ + 2G = 
3𝜇𝐸

(1+𝜇)(1−2𝜇)
+  

𝐸

(1+𝜇)
 = 

3𝜇𝐸+𝐸(1−2𝜇)

(1+𝜇)(1−2𝜇)
 

                                                  = 
3𝜇𝐸+𝐸−2𝜇𝐸

(1+𝜇)(1−2𝜇)
 

                                                  = 
𝜇𝐸+𝐸

(1+𝜇)(1−2𝜇)
 

                                                   = 
𝐸(1+𝜇)

(1+𝜇)(1−2𝜇)
 

Similarly, 

𝜎∅ = (2λ + 2G) 𝜀∅ + λεr − (3λ + 2G)𝛼𝑇 …………………………………………..……. (38) 

Equations (35) reduce to,  

𝜎∅ = 
𝐸

(1−2𝜇)(1+𝜇)
 [𝜇 

𝑑𝑢𝑟

𝑑𝑟
 + 

𝑈𝑟

𝑟
 −  (1 + 𝜇)𝛼𝑇]  

1st term, 

(2λ + 2G)𝜀∅ =  (
2𝜇𝐸

(1+𝜇)(1−2𝜇)
 +  

2𝐸

2(1+𝜇)
) 𝜀∅ 
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2𝜇𝐸+(1−2𝜇)𝐸

(1+𝜇)(1−2𝜇)
 = 

2𝜇𝐸+ 𝐸− 2𝜇𝐸 

(1+𝜇)(1−2𝜇)
 

                            =  
𝐸(1−𝜇)

(1+𝜇)(1−2𝜇)
  

2nd term, 

λεr = 𝜇𝜀𝑟  ×  
𝐸

(1−2𝜇)(1+𝜇)
 

                     
𝜇𝐸

(1−2𝜇)(1+𝜇)
 𝜀𝑟  = λεr 

3rd term, 

(3λ + 2G)αT = 
3𝜇𝐸

(1−2𝜇)(1+𝜇)
+  

 2𝐸

2(1+𝜇)
 

                         = 
3𝜇𝐸+𝐸(1−2𝜇)

(1−2𝜇)(1+𝜇)
 

                         = 
3𝜇𝐸+𝐸− 2𝜇𝐸

(1−2𝜇)(1+𝜇)
 = 

𝜇𝐸+𝐸

(1−2𝜇)(1+𝜇)
 

                         = 
𝐸(1+𝜇)

(1−2𝜇)(1+𝜇)
 

Now, 

E(r) = 𝐸𝑜𝑟𝑚1 and 𝛼́ = 𝛼́𝑟𝑚2 ………………………………………………….…………... (39) 

Where,  𝐸𝑜 = constant 

              𝛼𝑂́ = constant 

         𝑚1 & 𝑚2 = Power law indices 

Now in equation (34), replace E with 𝐸𝑜𝑟𝑚1 and in equation (35) replace 𝛼 with 𝛼𝑂́𝑟𝑚2 

Equation (34) and (35) becomes, 

𝜎𝑟 = 
𝐸𝑜𝑟𝑚1 

(1−2𝜇)(1+𝜇)
 [(1 − 𝜇)

𝑑𝑢𝑟

𝑑𝑟
 +  2𝜇 

𝑈𝑟

𝑟
 – (1 + 𝜇)𝛼𝑂́𝑟𝑚2𝑇)] ………………………..….. (40) 

𝜎∅ = 
𝐸𝑜𝑟𝑚1 

(1−2𝜇)(1+𝜇)
 [

𝑈𝑟

𝑑𝑟
 +  𝜇

𝑑𝑢𝑟

𝑟
 −  (1 + 𝜇)𝛼𝑂́𝑟𝑚2𝑇] …………………………………..….. (41) 
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Now, putting the values from the equation 𝜎𝑟 and 𝜎∅ From equation (40) and (41) into 

equation (28), we obtain 

𝑈𝑟" + (𝑚1 + 2)
𝑈𝑟′

𝑟
+ 2 (

𝜇𝑚1

1−𝜇
+ 1)

𝑈𝑟

𝑟2 =
1+𝜇

1−𝜇
𝛼𝑜((𝑚1 + 𝑚2)𝑟𝑚2+1 𝑇 + 𝑟𝑚2+2 𝑇′) …….. (42) 

2.3 Heat Conduction Calculation 

The heat conduction equation in the steady state condition for a one-dimensional problem in 

polar coordinates and thermal boundary conditions for an FGM hollow sphere are given, 

respectively as 

1

𝑟2
[𝑟2𝑘(𝑟)𝑇′(𝑟)]′ = 0; 𝐶11𝑇(𝑎) + 𝐶22𝑇′(𝑎) =  𝑓1 

𝐶21T(b) + 𝐶22𝑇′(𝑏) = 𝑓2, 𝑎 ≤ 𝑟 ≤ 𝑏 ………………………….…………………..………. (43)  

Where a and b are the inside and outside radii of the shell 

k=k(r) represents the thermal conduction coefficient  

𝐶𝑖𝑗 are constant thermal parameters related to the conduction and convection coefficients. 

It is assumed that the non-homogeneous thermal conduction coefficient k(r) is a power 

function of r as  

K(r) = 𝐾0𝑟𝑚3 ……………………………………………………………….….……....…. (44) 

Where, 𝐾0 and 𝑚3 are the material parameters. Using equation (44), the heat conduction 

equation becomes 

1

𝑟2
[𝑘0𝑟𝑚3+2𝑇′(𝑟)]′ = 0 ……………………………………………………………...…… (45) 

Integrating once equation (45) 

∫[𝑘0𝑟𝑚3+2𝑇′(𝑟)]′ = 0 

𝑘0𝑟𝑚3+2𝑇′(𝑟) = 0 

Again integrating, we get 

𝑘0𝑟𝑚3+2𝑇′(𝑟) + 𝐴1 = 0 

𝑇′(𝑟) = 
−𝐴1

𝑟(𝑚3+2) …………………………………………………………….……...…….… (46) 
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We need to perform integration twice with respect to r 

Let’s start by rearranging the equation 

(𝐾𝑜𝑟(𝑚3+2)𝑇′(𝑟))

𝑟2  = 0 

Integrating both sides with respect to r once, we get 

(𝐾𝑜𝑟(𝑚3+2)𝑇′(𝑟))

𝑟2  = 𝐴1 

Where 𝐴1 is the constant of integration, 

Simplifying this expression, we get 

𝑇′(𝑟) = 
𝐴1𝑟(−𝑚3−2)

𝐾
 

Integrating both sides again w.r.t r, we get 

𝑇(𝑟) = 
−𝐴1

(𝑚3+1)
 𝑟(−𝑚3−1) + 𝐴2 

Where 𝐴2 is another constant of integration, 

The final solution is: 

T(r) = 
−𝐴1

(𝑚3+1)
 𝑟−(𝑚3+1) + 𝐴2 …………………………………………..………….….…… (47) 

Using the below boundary conditions to determine the constant 𝐴1 & 𝐴2, 

𝐶11𝑇(𝑎) + 𝐶22𝑇′(𝑎) =  𝑓1 ……………………………………………….………………. (48) 

𝐶21T(b) + 𝐶22𝑇′(𝑏) = 𝑓2, 𝑎 ≤ 𝑟 ≤ 𝑏 ……………………………………………………... (49) 

To determine constant 𝐴1, we will use the boundary conditions (48) & (49), 

T(a): Represents the temperature at the inner radius of the sphere (r = a). 

T(b): Represents the temperature at the outer radius of the sphere (r = b). 

T'(a): Denotes the derivative of temperature T with respect to r evaluated at r = a. 

T'(b): Denotes the derivative of temperature T with respect to r evaluated at r = b. 

Substituting equation (46) & (47) into equation (48) & (49), we get (50) & (51) 
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𝐶11 (
−𝐴1

𝑚3+1
𝑎−(𝑚3+1) + 𝐴2 ) - 

 𝐴1𝐶22

(𝑎(𝑚3+2))
 = 𝑓1 …………………………………………...….. (50) 

𝐶21 (
−𝐴1

𝑚3+1
𝑏−(𝑚3+1) + 𝐴2 ) - 

 𝐴1𝐶22

(𝑏(𝑚3+2))
 = 𝑓2 …………………………………………….… (51) 

Now, we need to solve above two equations for  𝐴1, we can simplify these equations by 

multiplying equation (50) by 𝐶21 and equation (51) by 𝐶11 and then subtracting the both 

equations.  

𝐶21𝐶11 (
−𝐴1

(𝑚3+1)𝑎−(𝑚3+1) + 𝐴2 ) - 
𝐶11 𝐴1𝐶22

𝑎(𝑚3+2)  - 
𝐶21 𝐴1𝐶22

𝑏(𝑚3+2)  + 

                                            𝐶11𝐶21 (
−𝐴1

(𝑚3+1)𝑏−(𝑚3+1) + 𝐴2 ) = 𝑓1𝐶21 −  𝑓2𝐶11  

Simplifying this equation and grouping terms containing 𝐴1, we get 

𝐴1 = 
(𝐶21𝑓1− 𝐶11𝑓2)𝐾0

𝐶21(𝐶12𝑎−(𝑚3+2)𝐶11𝑎(−𝑚3+1)

𝑚3+1
)− 𝐶11(𝐶12𝑎−(𝑚3+2)𝐶11𝑎(−𝑚3+1)

𝑚3+1
) 

 ………………………….….. (52) 

To solve for 𝐴2 using the given boundary condition, we need to use equations (43) & (47)  

First, we can differentiate equation (47) with respect to r to obtain 𝑇′(𝑟): 

𝑇′(𝑟) = 
𝐴1

(𝑚3+1)
(𝑚3 + 1)𝑟(−𝑚3−2) 

Substituting this expression for 𝑇′(𝑟) into the left-hand side of equation (43) and simplifying, 

we obtain: 

(𝑟2𝐾(𝑟)𝐴1)

𝑚3 + 1
(−𝑚 − 2)𝑟(−𝑚3−3) = 0 

Solving for 𝐴1, we obtain equation (52) given above  

Next, we use equation (47) to obtain the expression for T(a) and T'(a): 

𝑇𝑎=
−𝐴1

(𝑚3+1)
𝑎(−𝑚3−1) + 𝐴2 

𝑇′𝑎=
𝐴1

𝑚3+1
 (𝑚3 + 1)𝑎(−𝑚3−2) 

We can then use the boundary condition 𝐶11𝑇(𝑎) + 𝐶22𝑇′(𝑎) =  𝑓1 to obtain an expression 

for 𝐴2 

𝐶11 (
−𝐴1

𝑚3+1
𝑎−(𝑚3−1) + 𝐴2 ) + 𝐶22 (

𝐴1

𝑚3+1
− (𝑚3 + 1)𝑎(−𝑚3−2)) = 𝑓1 
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Simplifying this equation and solving for 𝐴2 

𝐴2 = 
𝑓2 (𝐶12𝑎−(𝑚3+2)𝐶11𝑎(−𝑚3+1)

𝑚3+1
)− 𝑓1(𝐶12𝑎−(𝑚3+2)𝐶11𝑎(−𝑚3+1)

𝑚3+1
)

𝐶21(𝐶12𝑎−(𝑚3+2)𝐶11𝑎(−𝑚3+1)

𝑚3+1
)− 𝐶11(𝐶12𝑎−(𝑚3+2)𝐶11𝑎(−𝑚3+1)

𝑚3+1
)
 …………………………….... (53) 

Putting the value of T(r) and T'(r) from equations (47) & (46) into equation (42), we get 

𝑈𝑟′′ + (𝑚1 + 2)
𝑈𝑟′

𝑟
+ 2 (

𝜇𝑚1

1−𝜇
+ 1)

𝑈𝑟

𝑟2
 = 

1+𝜇

1−𝜇
𝛼0 [(𝑚1 + 𝑚2)𝑟𝑚2+1 × 

−𝐴1

(𝑚3+1)
𝑟−(𝑚3+1) + 𝐴2 +

𝑟𝑚2+1 × (
−𝐴1

𝑟(𝑚3+1)
)] 

Simplifying the right-hand side of the equation: 

𝑈𝑟′′  + (𝑚1 + 2)
𝑈𝑟′

𝑟
+ 2 (

𝜇𝑚1

1−𝜇
+ 1)

𝑈𝑟

𝑟2
 = 1 − 𝜇𝛼0

𝐴1

(𝑚3+1)
𝑟𝑚2−𝑚3 −

                                                                        𝜇𝛼0
𝐴2

(𝑚3+1)
𝑟𝑚2+1 − 𝜇𝛼0

𝐴1

(𝑚3+1)
𝑟𝑚2+1 

Let, 𝐴3 = −𝜇𝛼0
𝐴1

(𝑚3+1)
  and 𝐴4 = −𝜇𝛼0

𝐴2

(𝑚3+1)
, we get 

𝑈𝑟′′  + (𝑚1 + 2)
𝑈𝑟′

𝑟
+ 2 (

𝜇𝑚1

1−𝜇
+ 1)

𝑈𝑟

𝑟2 = 𝐴3𝑟𝑚2+1 + 𝐴4𝑟𝑚2−𝑚3 ……………..……..……. (54) 

Where, 

𝐴3=
(1+𝜇)(𝑚1+𝑚2)𝛼0𝐴2

(1−𝜇)
  …………………………………………………………………….. (55) 

𝐴4=
(1+𝜇) (1−

𝑚1+𝑚2
𝑚3+1

)𝛼0𝐴1

(1−𝜇)𝐾0
 ……………………………………………………………..……. (56) 

Equation (54) is the Euler differential equation. 

The general solution is assumed to have the form. 

𝑈𝑟
𝑔

(𝑟)=𝐵𝑟𝜂 

Or𝑈𝑟′=𝜂𝐵𝑟𝜂−1     ……………………………………………………………………...…. (57) 

Or𝑈𝑟′=𝜂(𝜂 − 1)𝐵𝑟𝜂−2 

Substituting these expressions into equation (54), we get 

𝜂(𝜂 − 1)𝐵𝑟𝜂−2+(𝑚1 + 2)
𝜂𝐵𝑟(𝜂−2)

𝑟
 + 2(

𝜇𝑚1

1−𝜇
+ 1)

𝐵𝑟(𝜂−2)

𝑟2  = 1 + 𝐴3𝑟(𝑚2+1) +

                                                                                                                        𝐴4𝑟(𝑚2−𝑚3)     
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Multiplying both sides by 𝑟2 and simplifying, we get: 

𝜂(𝜂 − 1)𝐵𝑟𝜂−2+(𝑚1 + 2)
𝜂𝐵𝑟(𝜂−2)

𝑟
 + 2(

𝜇𝑚1

1−𝜇
+ 1) 𝐵 = 𝑟2 + 𝐴3𝑟(𝑚2+3) +

                                                                                                                      𝐴4𝑟(𝑚2−𝑚3+2) 

Rearranging and factoring out 𝐵𝑟(𝜂−2), we get 

𝐵𝑟(𝜂−2) [𝜂(𝜂 − 1)𝑟2 + (𝑚1 + 2)𝜂𝑟 + 2 (
𝜇𝑚1

1−𝜇
+ 1)] = 𝑟2 + 𝐴3𝑟(𝑚2+3) +

                                                                                                                      𝐴4𝑟(𝑚2−𝑚3+2) 

Since B and r are both non-zero, we can divide both sides by 𝐵𝑟(𝜂−2), we obtain: 

𝜂(𝜂 − 1)𝑟2 + (𝑚1 + 2)𝜂𝑟 + 2 (
𝜇𝑚1

1−𝜇
+ 1)= 

𝑟2

𝐵𝜂−2
+ 𝐴3𝑟(𝑚2+3−𝜂) +

                                                                                                                      𝐴4𝑟(𝑚2−𝑚3+2−𝜂) 

Now, 

If we compare the above equation with equation, we see that the coefficients of the 𝑟2 and r 

terms on both sides are equal, while the constant terms on both sides are equal, this means 

that the expression in the brackets on the left-hand side must be equal to 0. 

𝜂2+(𝑚1 + 1)𝜂 + (
𝜇𝑚1

1−𝜇
+ 1) = 0 …………………………………..……/…………...…… (58) 

Equation (58) has two real roots 𝜂1 and 𝜂2 

𝜂1,2 =
𝑚1+1

2
± [

(𝑚1+1)2

4
− 2 (

𝜇𝑚1

1−𝜇
+ 1)] ^0.5 …………………………….…………..……. (59) 

Thus, the general solution is 

𝑈𝑟
𝑔(𝑟) = 𝐵1𝑟𝜂1 + 𝐵2𝑟𝜂2 

The particular solution 𝑈𝑃(𝑟) is assumed to be of the form 

𝑈𝑃(𝑟) = 𝐷1𝑟𝑚2+3+𝐷2𝑟𝑚2−𝑚3+2 

Taking first and second 𝑈𝑃(𝑟) is assumed to be of the form. 

𝑈𝑃(𝑟)′=𝐷1(𝑚2 + 3)𝑟(𝑚2+2) + 𝐷2(𝑚2 − 𝑚3 + 2)𝑟(𝑚2−𝑚3+1) 

𝑈𝑃(𝑟)′′=𝐷1(𝑚2 + 3)(𝑚2 + 2)𝑟(𝑚2+1) + 𝐷2(𝑚2 − 𝑚3 + 2)(𝑚2 − 𝑚3 + 1)𝑟(𝑚2−𝑚3) 
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Substituting 𝑈𝑃(𝑟) and its derivatives in equation (54), we get 

𝐷1(𝑚2 + 3)(𝑚2 + 2)𝑟(𝑚2+1) + 𝐷2(𝑚2 − 𝑚3 + 2)(𝑚2 − 𝑚3 + 1)𝑟(𝑚2−𝑚3)+(𝑚1+ 2) 

= 
𝐷1(𝑚2+3)𝑟(𝑚2+1)+𝐷2(𝑚2−𝑚3+2)𝑟(𝑚2−𝑚3+1)

𝑟
 × 

2(
𝜇𝑚1
1−𝜇

 + 1)𝐷1𝑟(𝑚2+1)

𝑟2
 +  

𝐷2𝑟(𝑚2−𝑚3+1)

𝑟2
 = 𝐴3𝑟(𝑚2+1) +

𝐴4𝑟(𝑚2−𝑚3) 

Multiplying both sides by 𝑟(𝑚3−𝑚2−2) to simplify the coefficients of the terms on both sides, 

we get: 

𝐷1(𝑚2 + 3)(𝑚2 + 2)𝑟(𝑚3−1) + 𝐷2(𝑚2 − 𝑚3 + 2)(𝑚2 − 𝑚3 + 1)𝑟(𝑚3−1) + (𝑚1 + 2) 

𝐷1(𝑚2 + 3)𝑟(𝑚3−𝑚1−1) + 𝐷2(𝑚2 − 𝑚3 + 2)𝑟(𝑚3−𝑚1−1) 

2(
𝜇𝑚

1−𝜇
+ 1) (𝐷1𝑟(𝑚3−𝑚2−1))+(𝐷1𝑟(𝑚3−𝑚2−𝑚3+2))=𝐴3𝑟 + 𝐴4 

This can be simplified further by grouping the terms with the same exponent of r, we get 

𝐷1 [(𝑚2 + 3)(𝑚2 + 2) + (𝑚1 + 2)(𝑚2 + 3) + (
𝜇𝑚1

1−𝜇
− 1)] 𝑟(𝑚3−𝑚2−1) + 

𝐷2 [(𝑚2 − 𝑚3 + 2)(𝑚2 − 𝑚3 + 1) + (𝑚1 + 2)(𝑚2 − 𝑚3 + 2) + (
𝜇𝑚1

1−𝜇
−

1)]  𝑟(𝑚3−𝑚2−𝑚3+2) =𝐴3𝑟(1−𝑚2) + 𝐴4𝑟(𝑚3−𝑚2−𝑚3+2) 

Simplifying, 

𝐷1 [(𝑚2 + 3)(𝑚2 + 2) + (𝑚1 + 2)(𝑚2 + 3) +
𝜇𝑚1

1 − 𝜇
− 1] 𝑟𝑚2+1 +  

𝐷2 [(𝑚2 − 𝑚3 + 2)(𝑚2 − 𝑚3 + 1) + (𝑚1 + 2)(𝑚2 − 𝑚3 + 2) +  
𝜇𝑚1

1−𝜇
− 1] 𝑟𝑚2−𝑚3+2 

=𝐴3𝑟𝑚2−1 + 𝐴4𝑟𝑚2−𝑚3 ………………………………………………………..……….. (60) 

Now, equating the coefficient of identical powers yields. 

𝐷1 = 
𝐴3

[(𝑚2+3)(𝑚2+2)+(𝑚1+2)(𝑚2+3)+(
𝜇𝑚1
1−𝜇

 − 1)]
 

𝐷2 = 
𝐴4

(𝑚2−𝑚3+2)(𝑚2−𝑚3+1)+(𝑚1+2)(𝑚2−𝑚3+2)+
𝜇𝑚1
1−𝜇

 − 1
 ………….……..…………….…... (61) 

The complete solution for U(r) is the sum of the general & particular solutions as 

U(r)  =  𝑈𝑔(𝑟) + 𝑈𝑃(𝑟) 
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Thus, 

U(r) = 𝐵1𝑟𝜂1 + 𝐵2𝑟𝜂2 + 𝐷1𝑟𝑚2+3+𝐷2𝑟𝑚2−𝑚3+2 ………………………….....……..…… (62) 

Substituting equations (62) into equations (33), (34) & (35) yields, 

Starting with equation (33), 

𝜀𝑟=
𝑑𝑈𝑟

𝑑𝑟
 ; 𝜀∅ =  𝜀𝜃 =

𝑢𝑟

𝑟
 

We substitute the expression for 𝑈(𝑟) from equation (62) into  𝜀∅ =  𝜀𝜃 and simplify: 

𝑈𝑟

𝑟
 = 

(𝐵1𝑟𝜂1+𝐵2𝑟𝜂2+ 𝐷1𝑟𝑚2+3+𝐷2𝑟𝑚2−𝑚3+2)

𝑟
 

= 𝐵1𝑟𝜂1−1 + 𝐵2𝑟𝜂2−1 + 𝐷1(𝑚2 + 3)𝑟(𝑚2+2) +  𝐷2(𝑚2 − 𝑚3 + 2)𝑟(𝑚2−𝑚3+1) 

Therefore, the strain components become: 

𝜀𝑟 = 
𝑑𝑈𝑟

𝑑𝑟
 = 𝜂1𝐵1𝑟𝜂1−1 + 𝐵2𝑟𝜂2−1 + 𝐷1(𝑚2 + 3)𝑟(𝑚2+2) +  𝐷2(𝑚2 − 𝑚3 +  2)𝑟(𝑚2−𝑚3+1)  

𝜀∅ =  𝜀𝜃 =
𝑈𝑟

𝑟
= 𝐵1𝑟𝜂1 + 𝐵2𝑟𝜂2 + 𝐷1𝑟𝑚2+3+𝐷2𝑟𝑚2−𝑚3+2 …………………………...... (63) 

Next, we substitute the expression for 𝑈(𝑟) from equation (62) into equation (34) & (35) and 

simplify: 

Starting with equation (34) 

𝜎𝑟 = 
𝐸

(1−2𝜇)(1+𝜇)
 ((1 − 𝜇)

𝑑𝑢𝑟

𝑑𝑟
 +  2𝜇 

𝑈𝑟

𝑟
 – (1 + 𝜇)𝛼𝑇)  

Substituting for 
𝑑𝑢𝑟

𝑑𝑟
 & 

𝑈𝑟

𝑟
 : 

𝜎𝑟 = 
𝐸

(1−2𝜇)(1+𝜇)
  × 

[
(1 − 𝜇)𝜂1𝐵1𝑟𝜂1−1 + 𝐵2𝑟𝜂2−1 + 𝐷1(𝑚2 + 3)𝑟(𝑚2+2) + 𝐷2(𝑚2 − 𝑚3 +  2)𝑟(𝑚2−𝑚3+1) +

2𝜇(𝐵1𝑟𝜂1+𝐵2𝑟𝜂2+ 𝐷1𝑟(𝑚2+3)+𝐷2𝑟(𝑚2−𝑚3+2))

𝑟
−  (1 + 𝜇)𝛼𝑇

] 

Simplifying, 

𝜎𝑟 =
𝐸𝑜𝑟𝑚1 

(1−2𝜇)(1+𝜇)
 {(1 − 𝜇)𝜂1 + 2𝜇}𝐵1𝑟𝜂1−𝑚1−1 + {(1 − 𝜇)𝜂2 + 2𝜇}𝐵2𝑟𝜂1−𝑚1−1 +

{(1 − 𝜇)(𝑚2 + 3) + 2𝜇}𝐷1𝑟𝑚1−𝑚2−2 + 

{(1 − 𝜇)(𝑚3 − 𝑚2 + 2) + 2𝜇}𝐷1𝑟𝑚1−𝑚2−𝑚3−1 − 
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(1 + 𝜇)𝛼0𝐴2𝑟𝑚1−𝑚2 +
𝛼0𝐴1(1+𝜇)

𝐾0(𝑚3+1)
𝑟𝑚1−𝑚2−𝑚3−1 ………………………………..……… (64) 

Now, substituting equation (62) into equation (35), we get 

𝜎∅ = 
𝐸

(1−2𝜇)(1+𝜇)
 [

𝑈𝑟

𝑟
+ 𝜇 

𝑑𝑢𝑟

𝑑𝑟
−  (1 + 𝜇)𝛼𝑇] 

Substituting the expression 𝜀𝑟that we obtained earlier and the expression for 𝑈𝑟 that was 

given earlier, we get 

𝜎∅ =
𝐸𝑜 

(1−2𝜇)(1+𝜇)
 (1 + 𝜇𝜂1)𝐵1𝑟𝜂1−𝑚1−1 + (1 + 𝜇𝜂2)𝐵2𝑟𝜂1−𝑚1−1 + {1 + 𝜇(𝑚2 +

3)} 𝐷1𝑟𝑚1−𝑚2−2 + {1 + 𝜇(𝑚2 − 𝑚3 + 2)}𝐷2𝑟𝑚1−𝑚2−𝑚3−1 + (1 + 𝜇)𝛼0𝐴2𝑟𝑚1−𝑚2 +

𝛼0(1+𝜇)

𝐾0(𝑚3+1)
𝑟𝑚1−𝑚2−𝑚3−1 …………………………………………………………………… (65) 

The boundary condition for stresses given by, 

𝜎𝑟(a) = -p;   𝜎𝑟(b) = −𝑝0 ……………………………………………………….…….…… (66) 

Equation (64) represents the stress distribution within a spherical shell subjected to internal 

pressure. Equation (66) represents the boundary conditions for stresses at the inner & outer 

radii of the shell. 

Substituting the boundary conditions (66) into equation (64), the constant of integration 

becomes; 

at, r = a 

𝜎𝑟(a) = −𝑝 = 
−𝐸𝑜𝑎𝑚1 

(1−2𝜇)(1+𝜇)
 {(1 − 𝜇)𝜂1 + 2𝜇}𝐵1𝑎𝜂1−𝑚1−1 + {(1 − 𝜇)𝜂2 +

               2𝜇}𝐵2𝑎𝜂1−𝑚1−1 + {(1 − 𝜇)(𝑚2 + 3) + 2𝜇}𝐷1𝑎𝑚1−𝑚2−2 + {(1 − 𝜇)(𝑚3 −

               𝑚2 + 2) + 2𝜇}𝐷1𝑎𝑚1−𝑚2−𝑚3−1 − (1 + 𝜇)𝛼0𝐴2𝑎𝑚1−𝑚2 +
𝛼0𝐴1(1+𝜇)

𝐾0(𝑚3+1)
𝑎𝑚1−𝑚2−𝑚3−1 

at, r = b 

𝜎𝑟(b) = −𝑝0 = 
𝐸𝑜𝑏𝑚1 

(1−2𝜇)(1+𝜇)
 {(1 − 𝜇)𝜂1 + 2𝜇}𝐵1𝑏𝜂1−𝑚1−1 + {(1 − 𝜇)𝜂2 + 2𝜇}𝐵2𝑏𝜂1−𝑚1−1 +

{(1 − 𝜇)(𝑚2 + 3) + 2𝜇}𝐷1𝑏𝑚1−𝑚2−2 + {(1 − 𝜇)(𝑚3 − 𝑚2 + 2) + 2𝜇}𝐷1𝑏𝑚1−𝑚2−𝑚3−1 −

(1 + 𝜇)𝛼0𝐴2𝑏𝑚1−𝑚2 +
𝛼0𝐴1(1+𝜇)

𝐾0(𝑚3+1)
𝑏𝑚1−𝑚2−𝑚3−1 
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Simplify, 

−𝑑1𝐵1 − 𝑑2𝐵2 − 𝑑5 +
(1 + 𝜇)𝛼0𝐴1

𝐾0𝑎𝑚3−𝑚2+1
= 𝑝 

−𝑑3𝐵1 − 𝑑4𝐵2 − 𝑑6 +
(1 + 𝜇)𝛼0𝐴2

𝑏𝑚3+1
= 𝑝0 

We rearrange the equations to isolate the constant of integration: 

𝐵1= 
(𝑑4𝑑7+𝑑4𝑑5)− (𝑑2𝑑8+𝑑2𝑑6)

(𝑑1𝑑4−𝑑2𝑑3)
 …………………………………………………….….. (67) 

𝐵2= 
(𝑑3𝑑7+𝑑3𝑑5)− (𝑑1𝑑8+𝑑1𝑑6)

(𝑑2𝑑3−𝑑1𝑑4)
 ………………………………………….………..…… (68) 

The values of 𝑑1, 𝑑2, 𝑑3, 𝑑4, 𝑑5, 𝑑6, 𝑑7 & 𝑑8 are obtained by substituting the boundary 

conditions (66) in equation (64). 

Starting with 𝑑1, we can write the stress 𝜎𝑟(a) as; 

𝜎𝑟(a) = -p = 
−𝐸𝑜𝑎𝑚1 

(1−2𝜇)(1+𝜇)
 {(1 − 𝜇)𝜂1 + 2𝜇}𝐵1𝑎𝜂1−𝑚1−1 + {(1 − 𝜇)𝜂2 +

                         2𝜇}𝐵2𝑎𝜂1−𝑚1−1 + {(1 − 𝜇)(𝑚2 + 3) + 2𝜇}𝐷1𝑎𝑚1−𝑚2−2 + 

                                     {(1 − 𝜇)(𝑚3 − 𝑚2 + 2) + 2𝜇}𝐷1𝑎𝑚1−𝑚2−𝑚3−1 − 

                                     (1 + 𝜇)𝛼0𝐴2𝑎𝑚1−𝑚2 +
𝛼0𝐴1(1 + 𝜇)

𝐾0(𝑚3 + 1)
𝑎𝑚1−𝑚2−𝑚3−1 

Since we know the value of p, we can substitute it in the above equation and simplify it to 

obtain 𝑑1: 

𝑑1 = {(1 − 𝜇)𝜂1 + 2𝜇}𝑎𝜂1+𝑚1−1 

Similarly, we can substitute the value of 𝜎𝑟(b) = −𝑝0 in equation (64) to get the expression 

for 𝑑3, 

𝑑3 = {(1 − 𝜇)𝜂1 + 2𝜇}𝑏𝜂1+𝑚1−1 

To obtain 𝑑2 & 𝑑4, we need to use the values of 𝜎𝑟(a) & 𝜎𝑟(b) in the expression for 𝐵1 & 𝐵2 

in (67) & (68), respectively. Substituting the values of equations (67) & (68) and simplifying, 

we get; 

𝑑2 = {(1 − 𝜇)𝜂2 + 2𝜇}𝑎𝜂2+𝑚1−1 
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𝑑4 = {(1 − 𝜇)𝜂2 + 2𝜇}𝑏𝜂2+𝑚1−1 

For 𝑑5  & 𝑑6, we substitute the value of 𝜎𝑟(a) & 𝜎𝑟(b) in the expression for 𝛼0𝐴2𝑎𝑚1−𝑚2 and 

𝛼0𝐴2𝑏𝑚1−𝑚2, respectively in equation (64), we get 

𝑑5 = (1 + 𝜇)𝛼0𝑎𝑚1+ 𝑚2𝐴2 

𝑑6 = (1 + 𝜇)𝛼0𝑏𝑚1+ 𝑚2𝐴2 

Finally, for 𝑑7 & 𝑑8 we substitute the values of 𝜎𝑟(a) & 𝜎𝑟(b) in the expression for 

𝐷1𝑎𝑚1−𝑚2−2, 𝐷1𝑏𝑚1−𝑚2−2, 𝐷2𝑎𝑚1−𝑚2−𝑚3−1 𝑎𝑛𝑑 𝐷2𝑏𝑚1−𝑚2−𝑚3−1 and simplify to obtain; 

𝑑7 = −(1 + 𝜇)(1 − 2𝜇)
𝑃𝑂

𝐸𝑂
 - {(1 − 𝜇)(𝑚2 + 3) + 2𝜇}𝐷1𝑎𝑚1+ 𝑚2+ 2 −  [{(1 − 𝜇)(𝑚2 −

𝑚3 + 2) + 2𝜇}𝐷2 + 
(1+𝜇)𝛼0𝐴1

𝐾0(𝑚3+1)
] 𝑎𝑚1+𝑚2−𝑚3−1  

𝑑8 = −(1 + 𝜇)(1 − 2𝜇)
𝑃𝑂

𝐸𝑂
 - {(1 − 𝜇)(𝑚2 + 3) + 2𝜇}𝐷1𝑏𝑚1+ 𝑚2+ 2 −  [{(1 − 𝜇)(𝑚2 −

𝑚3 + 2) + 2𝜇}𝐷2 + 
(1+𝜇)𝛼0𝐴1

𝐾0(𝑚3+1)
] 𝑏𝑚1+𝑚2−𝑚3−1 ……………………………………….….. (69) 
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2.4 VALIDATION OF THEORETICAL MODEL 

In order to authenticate the present investigation, a validation of the theoretical model has been 

carried out in terms of the non-dimensional pressure variation with respect to various thickness 

of the spherical shell, by comparing the present work with the work of S. Saha et al. (2011) and 

depicted in the figure 2 and 3 respectively. In both figures, the red colored curves show the 

non-dimensional pressure variation with respect to the thickness of the spherical shell with 

considering autofrettage technology, and the blue colored curves depict the same variation 

without considering autofrettage technology. From both the above mentioned figures 2 and 3, 

it is noted that the pressure withstand capacity of an autofrettage treated spherical shell 

increases with increasing thickness of the shell. On the other hand, the pressure withstand 

capacity of non-autofrettage shell initially increased with increasing shell thickness, but after a 

certain limit of thickness, it is fixed and becomes constant. 

In the present work, a curve has been plotted with respect to thickness of the spherical shell 

considering 
𝑃

𝜎𝑦
  of 0.6. S. Saha et al (2011) has been presented the same variation for the 

𝑃

𝜎𝑦
  of 

0.5. The nature of both curves shows good agreement between the present theoretical work and 

the work presented by S. Saha et al (2011). A slight variation has been observed due to the 

variation in considering the value of 
𝑃

𝜎𝑦
. 

  

  Figure 2. Autofrettage Vs Non-Autofrettage                 Figure 3. Autofrettage Vs Non-Autofrettage for  

  for 
𝑃

𝜎𝑦
  of 0.6 (present work)                                           

𝑃

𝜎𝑦
 of 0.5 depicted by S. Saha et al. (2011)                          
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3. RESULTS & DISCUSSION: 

The result of the present study is presented in this section. 

3.1 Determination of the optimum radius of the elastic-plastic junction, 𝑐𝑜𝑝𝑡: 

Figure 4 shows the relationship between the pressure (𝑃) applied and the radius of the elastic-

plastic junction (𝑐𝑜𝑝𝑡). By analyzing equation (20), it becomes evident that the influence of the 

applied pressure and yield strength on 𝑐𝑜𝑝𝑡 can be directly depicted. When the applied pressure 

(𝑃) is high, indicating a thicker wall for the spherical shell, the value of 𝑐𝑜𝑝𝑡 should also be 

higher. This is because a higher 𝑐𝑜𝑝𝑡 allows the shell to have an increased load-bearing 

capacity. Therefore, equation (20) provides a means to determine 𝑐𝑜𝑝𝑡 accurately, considering 

the influence of both the applied pressure and the material's yield strength. Figure 4 shows that 

as the pressure inside the spherical shell is increased, the optimal elastic-plastic radius juncture 

is increased, and also the strength of the material is increased. 

 
Figure 4. Relation between 𝑐𝑜𝑝𝑡 and P 

3.2 Influence of autofrettage on a spherical shell: 

Equation (21) represents the maximum allowable pressure 𝑝𝑎
𝑖𝑣 for an autofrettaged spherical 

shell. It indicates the maximum pressure that an autofrettaged spherical shell can withstand 

while maintaining its elastic behavior. Equation (23) and equation (21) demonstrate that the 

𝑐 𝑜
𝑝

𝑡
 

Pressure 
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increase of the elastic strength of a non-autofrettage spherical shell is limited (the limit is 𝑝𝑒
𝑖𝑣 

= 
2𝜎𝑦

3
), even if its thickness is increased infinitely, while an autofrettage spherical shell has 

limitless strength if the thickness is increased infinitely, as shown in figure 5. 

 
Figure 5. Autofrettage Vs Non-autofrettage  

 

3.3 Determination of optimum autofrettage pressure of a thick spherical shell: 

Autofrettage is a process in which a high internal pressure is applied to a shell before it is put 

into use, with the aim of inducing yielding on its inner surface and achieving a desired level of 

residual stresses 𝑐𝑜𝑝𝑡. The Von Mises strength theory was employed to derive the equation for 

the autofrettage pressure. The equation (25) represents the autofrettage pressure 𝑝𝑎
𝑖𝑣 according 

to the Von Mises strength theory. The relationship between 𝑝𝑎𝑜𝑝𝑡 and 𝑝 is seen in equation 

figure 6, from which we can determine that 𝑝𝑎𝑜𝑝𝑡 must be larger than p; otherwise, the wall of 

a spherical shell does not yield. 
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Figure 6. Relation between 𝑝𝑎𝑜𝑝𝑡 and 𝑝 

In this work, we have considered a functionally graded hollow thick spherical vessel of outer 

radius 𝑏 = 1.2m and inner radius 𝑎 = 1m; the thermal coefficient of expansion (K) and the 

modulus of elasticity (E) at the inner radius is αt=1.2 x 10-6/°c and E = 200GPa respectively 

and the Poisson ratio (𝜇) to be 0.3. For simplicity of analysis, the power law co-efficient for 

K, E, and α is considered to be the same, i.e., m1 = m2 = m3 = m. The boundary condition for 

temperature is taken as T(b) = 0 and T(a) =10°C. 

Figure 7 shows the temperature fluctuation in the radial direction for various power law index 

(m) values obtained from Equation (47). The Figure 7 demonstrates that for m > 1, as the power 

law index m increases, so does the temperature. This indicates that a higher power law index 

leads to higher temperature distributions within the spherical shell. From the Table 1, the 

temperature distribution at a radial distance of 1.1 for different power law index (m) within the 

functionally graded spherical shell is presented. For a radial distance of 1.1, the temperature 

values are recorded for three different power law indexes: 2.1, 2.2, and 2.5. For a power law 

index of 2.1, the recorded temperature at a radial distance of 1.1 is 3.27°C. With a slightly 

higher power law index of 2.2, the temperature increases to 3.29°C. Lastly, for a power law 

index of 2.5, the temperature reaches its highest value at 3.33°C. These observations are 

consistent with the theory that a higher power law index corresponds to higher temperature 

distributions within the spherical shell. As the power law index increases from 2.1 to 2.5, the 

temperature progressively rises, indicating a direct relationship between the power law index 
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and temperature. This behaviour can be explained, as m increases, the material becomes stiffer, 

which results in reduced heat dissipation and, consequently, higher temperatures.  

Table 1. Variation of Temperature for different power law of index 

Radius (m) Power law index (m) Temp °c 

1.1 2.1 3.27 

1.1 2.2 3.29 

1.1 2.5 3.33 

 

 

Figure 7. Radial Distribution of Temperature for different power law of index 

 

Figure 8 depicts the variation in the distribution of radial stress along the radial direction as 

calculated from equation (64). The Figure has shown that for, m < 1, as the power law index 

decreases, the radial stress increases. This implies that a decrease in the power law index leads 

to an increase in the magnitude of the radial stress. From the Table 2, a power law index of 0.9, 

the radial stress at a radial distance of 1.1 is recorded as 2.72. With a lower power law index 

of 0.7, the radial stress increases to 2.77. Further, reducing the power aw index to 0.5 results in 

an increase in the radial stress to 2.83. This demonstrates that an increase in the magnitude of 

the radial stress follows a decrease in the power law index. A smaller power law index (m < 1) 

in the case of radial stress distribution denotes that material characteristics, such as the elasticity 
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modulus (E), decrease rapidly from the inner to the outer radius. The material in this case is 

stiffer at the inner radius than it is towards the outside radius. The stiffer inner portion helps to 

distribute the external load more evenly across the entire component, reducing the stress 

concentration at the inner surface. This leads to more uniform stress distribution and minimizes 

the risk of failure or damage. 

Table 2. Variation of Radial stress for different power law of index 

Radius (m) Power law index (m) Radial stress 

1.1 0.9 2.72 

1.1 0.7 2.77 

1.1 0.5 2.83 

  

 

Figure 8. Radial Distribution of Radial Stress for different power law of index 

 

Figure 9 shows the hoop stress variation along the radius, derived from equation (65). From 

the Table 3, power law index of 0.8, the recorded circumferential stress at a radial distance of 

1.1 is 9.24. With a slightly lower power law index of 0.7, the circumferential stress increases 

to 9.34. Further, a circumferential stress increase of 9.38 is produced by reducing the power 

law index to 0.5. We observe that for, m < 1, a drop in the power law index results in an increase 

in the hoop stress, which is similar to the radial stress. Figure 9 also shows that, independent 
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of the power law index number, the hoop stress decreases as you increase the radius. In other 

words, for a given power law index value, hoop stress is higher towards the inner radius of the 

component and gradually decreases as we move toward the outer radius.  

Table 3. Variation of Circumferential stress for different power law of index 

Radius (m) Power law index (m) circumferential stress 

1.1 0.8 9.24 

1.1 0.7 9.34 

1.1 0.5 9.38 

 

 

Figure 9. Radial Distribution of Hoop Stress for different power law of index 
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CONCLUSION 

In conclusion, this theoretical study focused on analyzing the impact of internal pressure on a 

functionally graded hollow spherical shell. The material properties were assumed to exhibit a 

non-linear behavior with a power law distribution along the graded direction. The Navier and 

heat conduction equations were solved using a direct method to investigate the influence of 

internal pressure and temperature on the design of pressure vessels. 

The findings of this research include the presentation of pressure variation, mechanical stress 

distribution (radial stress and hoop stress), and radial temperature distribution in a sequential 

manner. Based on the obtained results, it can be concluded that materials with lower power law 

index are advantageous in terms of minimizing thermal stress generation. The results 

demonstrate that autofrettage increases the internal pressure within the shell, thereby improving 

its ability to withstand higher internal pressures. The Following conclusions has been drawn 

from this thesis work. 

1. The variation of temperature along the radial direction is influenced by the power law 

index, with higher values of the index resulting in higher temperatures.  

2. The theoretical study focuses on the effect of internal pressure in a functionally graded 

hollow spherical shell, considering non-linear material properties with a power law 

distribution.  

3. To examine how internal stresses and temperature affect the pressure vessel's design, the 

Navier and heat conduction equations are solved.  

4. The thesis presents the pressure variation, as well as the distribution of mechanical stresses 

such as radial stress and hoop stress along the radial direction.  

5. A higher power law index results in increased temperature.  

6. Autofrettage significantly reduces tension in the inner part of the spherical shell.  

7. It has been observed that an autofrettage treated spherical shell has limitless strength if the 

thickness is increased infinitely.  

8. Yielding will not occur in the wall of the spherical shell if 𝑝𝑎𝑜𝑝𝑡 is not a little bit larger  

than p. 
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NOMENCLATURE 

𝜀𝑟 = Radial strain 

𝜀∅ = Circumferential strain 

𝜎𝑟 = Radial stress 

𝜎∅ = Circumferential stress 

𝐸 = Modulus of Elasticity 

𝜇 = Poisson’s ratio 

𝛼 = coefficient of thermal expansion 

T = Temperature 

𝛼𝑇 = Thermal coefficient of expansion 

𝑚 = power law of index 

𝐾 = Thermal conductivity 

𝑟 = Radial distance 

𝜆 & 𝐺 = Lame’s coefficient 

𝑈𝑔 = General solution 

𝑈𝑝 = particular solution 

𝐶𝑜𝑝𝑡 = Optimum radius of elastic-plastic juncture 

𝜎𝑦 = Yield stress 

𝑃′ = Initial pressure 

𝑃𝑎𝑜𝑝𝑡 = Optimum autofrettage pressure 
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